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Abstract 

The Cauchy problem for two dimensional difference wave operators is considered 
with potentials and initial data supported in a bounded region. The large time asymp¬ 
totic behavior of solutions is obtained. In contrast to the continuous case (when the 
problem in the Euclidian space is considered, not on the lattice) the resolvent of the 
corresponding stationary problem has singularities on the continuous spectrum, and 
they contribute to the asymptotics. 
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I. Introduction. In the recent years there has been considerable interest in the scatter¬ 
ing theory of discrete Schrodinger operator on the lattice see, for example, m-lTi.i-Ei). 
The two dimensional Schrodinger operator on the lattice 

Hu = —Au + O' (0 '*^5 ^ ^ 

is considered in this paper. Here A is the lattice Laplacian 

Aw(0= n(0-4M(0- 

and the potential q is real valued. Our goal is to study the large time {t —> cx)) asymptotic 
behavior of solutions of the Cauchy problem for the wave equation: 

VuSN) = Av{tN) - q{C)v{tN), t>0, ^ e 

v|t=0 = 0, Vt\t=o = fO^ (1) 

where the potential q and the initial perturbation / have bounded supports. Without loss 
of the generality, one can assume that the function / is also real valued. 

* Corresponding author, email: brvainbe@uncc.edu. The work by B. Vainberg was supported partially by 
the NSF grant DMS-0405927. 
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This question is well studied (see 0 , 0 ) in the continuous case, i.e., for operators H on 

{R!^). In this case the answer depends on analytical properties of the truncated resolvent 
R\ = x{H — where y G In the 2-D continuous case, the truncated resolvent 

is analytic in A with the branch point at A = 0 of the logarithmic type and with poles at 
the eigenvalues of H. The large time asymptotic behavior of v in the continuous case is 
expressed through the eigenvalues of H and the asymptotics of Rk'i as k = a/A —> 0. In fact, 
we neglect analytic in k terms of the asymptotic expansion of Rk^ at k = Q. So, let be 
the operator function by modulus of operator functions in L^{R^) which are analytic in 
k in a neighborhood of A; = 0. Then, in the continuous case, 

= Qk^ (logkf + O (logA:)^-^) as A = ^ 0, ( 2 ) 

where Q is a bounded (finite dimensional) operator in L^{R?), and a, (3 are integers such 
that a > —1 and [3 < —2 if a = —1. 

We show that the truncated resolvent R\ of the two dimensional lattice Schrodinger 
operator has three logarithmic branch points at A = 0, A = 4, and A = 8 , and the large 
time asymptotics of v can be expressed through eigenvalues of H and the asymptotics of 
Rj ^2 at the branch points. In order to compare the results valid in the continuous case and 
in the lattice case considered below, let us first assume that the operator H does not have 
eigenvalues. Then the solution v {t, x) of the Cauchy problem in the continuous case has the 
following asymptotic behavior as t > cxo 

X (a;) V {t, x) = u {x) (logt)^”'^ + w (t, x) , (3) 

where u{x) = cQf, c is a constant, 7 = 0 if a < 0, 7 = 1 if a > 0, and ||tc|| < 
Cf-a-i (iogt)^“'’'“^ as f —>• cx). In fact if g > 0 and g > 0 at least at one point, then 
R'i ^2 is bounded at k = 0. Thus v decays at least as t~^ (logt)”^ in this case. 

The truncated resolvent in the lattice case has expansions similar to (j21), when k = 
a/A —0, fc —>■ ±2 and k —> ±v^- Correspondingly, if H does not have eigenvalues, then 

V {t, 0 = Uo (0 (logf)^°"^° + Wi (0 (logt)^^"^' cos( 2 t + cui) 

U 2 (0 (logt)*”'^^ cos{V8t + UJ 2 ) + wit, 0) (4) 

where ujj are constants and w at any fixed ^ decays, as f > cx), at least as the biggest term 
in the right hand side above multiplied by (logt)”^. Note that we can not guarantee the 
boundedness of i?'^2 in neighborhoods ot k = ±2, k = ±a/8 in the lattice case when g > 0, 
g 7 ^ 0. Thus, V can decay very slowly even if the potential is nonnegative. 

In the continuous case, the operator H may have negative eigenvalues [Xj = — , 

and then the exponentially growing terms Wj (x) have to be added to the expansions 
©. This is also true in the lattice case. The operator H in the continuous case does not 
have positive eigenvalues (they can not be embedded into the continuous spectrum). In the 
lattice case, the continuous spectrum is the segment [0,8], eigenvalues Xj ^ (0,4) U (4,8), 
but we cannot exclude the situation when Aj = 4 or 8 . Besides, positive eigenvalues Xj may 
belong to the ray ( 8 , 00 ). All these positive eigenvalues contribute additional, oscillating in 
t, terms Wj (^) sin(-^/Ajt) into the expansion (jD). In both continuous and lattice cases, the 
existence of the zero eigenvalue provides an additional, linear in t, term in P|l . 
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The following approach will be used to prove all the statements above. From standard 
a priori estimates for the solutions of (CD it follows that the solutions grow not faster than 
some exponent as t —>■ oo. Hence, there exists a constant H < cx) such that the Laplace 

OO 


transform with respect to f-variable v(t,x) v 
and satishes the equation 


J V exists for Re/x > A 

0 


= Av - q{^)v + f , Re/i > H, f,veP{Z'^), 


(5) 


and the inverse transform is given by the integral 


j pB+ioo 

'^it^0 = 7r B > A, 

JB-ioo 




Set fi = —ik and v = u{k,^). Then 


{-A + q-k‘^)u{k,^) = f , lmk>A, 


f,uef{Z^), 


( 6 ) 


and 


r*B-\-ioo 






27r 


u (fc, 0 = — / Rk2fe-^^*dk, B> A, 


' B—ioo 


271 


' B—ioo 


(7) 


where = (—A + q — k‘^)~^. The formula (|7j) is the staring point for the investigation 
of the large time asymptotic behavior of v. In order to get the asymptotics we are going 
to move down the contour of integration in dZD, and for this reason we need to know the 
analytic properties of the resolvent Rk^. The next section is devoted to a study of the analytic 
properties of the resolvent of the unperturbed operator H = —A. The properties of the 
will be studied in the section 3, and the last section deals with the large time asymptotics 
of V. 

II. Unperturbed Problem. If g(^) = 0 then Q becomes 


{-A-k^)u(k,() = f(()- (8) 

We solve (jHD using the Fourier transform with respect to ^-variable. We denote by T the 
open square (—vr, vr) x (—vr, tt) in R^. Since / has bounded support, there is a square S C Z"^ 
which contains the support of /. Then the Fourier transform of / is a function on T : 


= <T = (<T„<T2)er, (9) 

«6S 


where + a 2 ^ 2 - 

The Fourier transform of the lattice operator —A is the operator of multiplication by 

(p (cr) = 4 — 2 cos (Ti — 2 cos ct 2 . 


and the function ip is real valued and its range is [0, 8]. Thus, —A is a self-adjoint operator 
with the spectrum [0,8], and the resolvent Rx = (—A — A)~^ is analytic in the complex 
A-plane with the cut along the interval [0,8]. It is convenient for us to use the variable 
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k = y/X. li k is considered as a spectral parameter, then the upper half plane C+ = {k : 
Imk > 0} belongs to the resolvent set, and the spectrum is [—\/8, \/^ • Hence, from © it 
follows that 


u (fc,0 = Rk^f = 


1_ r f (g) 

2n J ip (a) — kX 


da, k E C+\ —a/S, \/8 


( 10 ) 


Formulas (uni) and Q imply that 


u 


^ E ® ^ • ;; e C'+\ f-V8, 


??eS 


where 


G = G{k,0 = 




2n J ip (a) — kX 


da, k E C+\ —\/8, \/8 


( 11 ) 


( 12 ) 


is Green’s function of the operator —A — k!^. Let us denote by kg the following points: 
ko = 0, k±i = ±2 and k ±2 = ±a/8 . 

Theorem 1 . For each fix ^ E Green’s function G is analytic in k when k E G+\ [—'s/S, a/s] 
and it admits an analytic extension on [—\/ 8 , a / s ] \U kg. Green’s function G in a neighbor¬ 
hood of each point kg has the form 


G{k,^) = ui^g{k,^)log{k - kg) + U2.g (fc,0 
where Mi,s,M 2 ,s o,re analytic in k for each f E Z"^. 


(13) 


The proof of this Theorem will be based on the following three Lemmas. Since we are 
going to study the function G when ^ is fixed, we will often omit the variable f from the 
argument of G (and some other functions) and write simply G = G{k). 

Let H be a bounded domain in R^., a = (ai,a 2 ), with a piece-wise analytic boundary. 
Let = filer) be a real valued, analytic in a G H function and 

T = {a E D : -0 = 0}. 

Consider 

h^z) = / ———-da, Imz > 0, (14) 

Jd fi{(^) - z 

where the function r is continuous in D and analytic in a neighborhood of T. Obviously, h{z) 
is analytic in the half plane Imz > 0. 

Lemma 2 . Let Vfi 0 on T, and T ft dD be empty or belong to an analytic part of 
dD with the intersection being transversal. Then h^z) admits an analytic extension into a 
neighborhood of the point z = 0. 
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Proof. One may assume that T is connected, since otherwise D can be split into parts 
containing only connected components of F. Let F' be a small analytic extension of F beyond 
D if F n dD is not empty, and let F' = F if F fl dD is empty. Let a = ct(s), s G [0, L], be an 
analytic parametrization of F'. Consider the following problem 


da V'll^i^a) 
H ^ |VV'(cx)|2’ 


a|t=o = ct(s), se[ 0 ,L]. 


(15) 


Solution a = a{t^ s) of (jl5|l exists and is an analytic function of t and s when |t| is small 
enough. Since the Jacobian J = is not zero on F', there is an e > 0 such that a = a{t, s) 
is analytic and J 7 ^ 0 on 


= {a = cT(t, s) : sg[ 0 ,L], \t\<e}. (16) 

We split D into two non-intersecting parts: D = DiU D 2 , where Di = D H F(,, and we 
represent h{z) as a sum 

h{z) = hi{z) + h 2 {z), hi{z) = [ — da. (17) 

Since '0(o') 7 ^ 0 on D 2 , we have |'0| > J > 0 on D 2 , and therefore h 2 is analytic when 
\z\ < 6. In order to study hi we change the variables a —>• {t, s). Note that 


d'lpi^a) 

dt 


/ N da 

Vila) ■ - 


1, ^/’(cT)|i=o = 0. 


Thus, '0(<^) = C and formula (IT7|l for hi takes the form 


hi{z) = j ^ dsdt, (18) 

where D[ is the image of D under the map a —> (t, s) and v = r{a)J is analytic in (t, s) G D[ 
if £ is small enough. Since F(. is dehned by inequalities 0 < s < L, \t\ < e fsee flTT)|l L (ITK|) 
when £ is small enough can be rewritten in the form 


hi{z) 


a S2{t) 
l{t) 


v{t, s) 

t — z 


dsdt, 


where the functions Si{t) are analytic. After the integration with respect to the variable s 
we get 


hi{z) 



w{t) 

t — 


where w is analytic. Thus 


hi{z) = 


w{t) — w{z) 


t — z 


dt + w{z) 


t — z 


-dt. 


The hrst integrand above (dehned as w'{z) when t = z) is analytic in t and 2 ; when |t| and 
\z\ are small, and therefore the hrst integral is analytic in a neighborhood of z = 0. The 
second integral is equal to w{z)\og So, it is also analytic. LemmaElis proved. 
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Lemma 3 . Let function h be given by (dl with r consisting of one point a = & D, and 

let detA > 0 where A = (‘^°)]- Then h{z) has the following form in a neighborhood of 

the point z = 0 

h{z) = ui{z)logz + U 2 {z), (19) 

where Ui{z) are analytic in a neighborhood of the origin, and 

Mi(0) = —7r7r((T°)| det (20) 

where 7 = 1 z/ eigenvalues of A are positive and 7 = — 1 if they are negative. 


Proof. We shall prove the Lemma assuming that A has positive eigenvalues. The other 
case can be easily reduced to the one which we are going to consider. From the assumptions 
of LemmaEJit follows that in a neighborhood of there exist local coordinates a = (oi, 02 ), 
|a| < e, such that the vector-function a = a{a), |a| < £, is analytic, the Jacobian J = ^ ^ 

when \a\ <e, J = \ det at the point a^, and the function xfj in the new coordinates is 

equal to |ap. Let 

Di = {a : a = cr(a), |a| < e} 

We take £ so small that Di <Z D and u{a) is analytic in Di. We represent h{z) as a sum 
hi{z) + h 2 {z) where hi, h 2 are the integrals m over Di and D\Di, respectively. Since 
(P((t) — z ^ 0 when a G D\D^ and \z\ is small enough, the function h 2 is analytic in a 
neighborhood of ^ = 0. Thus it remains to prove (HI for the function hi. 

The change of the coordinates a —>■ a allows us to rewrite hi in the form 

hi{z) = f — da, Im^; > 0, (21) 

J |a|<e: 1*^1 

where the function v is analytic and 

i;(0) = r(a°)J(a°) = r(a°)| detv 4 |-^/ 2 _ ^22) 


Let Vi and V 2 be even and odd parts of v. 


vi{a) 


v(o') + v(—a) 
2 




v(a) — v(—a) 
2 


(23) 


We substitute vi + V 2 for v in (121. Then hi = hi^ J- hi ^2 where the terms in the right hand 
side are given by m with vi and V 2 , respectively, instead of v. Obviously, hi ,2 = 0, i.e. 
hi = hi,i. Let (p, 6) be the polar coordinates in the a plane. We write the integral for hi,i in 
the polar coordinates and integrate with respect to 9. Since Vi depends analytically on p^, 
we arrive at ^ 

hiiz) = [ ^ dp, Imz > 0, (24) 

Jo P - ^ 

where the function w is analytic and 


ia(0) = 27rn(0) = 27rr(cT°)| det 


(25) 
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Formula ()24|1 implies that 


hiiz) = 


p[w{p^) - w{z)\ 




dp + w{z) 


P 


lo P" 


-dp. 


The hrst integrand above is analytic in p and z when p and \z\ are small, and therefore 
the hrst integral is an analytic function in a neighborhood of z = 0. The second integral is 
equal to ^w{z)\og{e‘^ — z) — ^w{z)\og{—z). The hrst term in the last sum is analytic when 
\z\ is small enough, and the second term is a sum of an analytic function —^wiz) and the 
function —]^w{z)\ogz. This justihes fEK|l with ui{z) = —^w{z). The proof of the LemmalHis 
completed 


Lemma 4 . Let all the requirements of Lemma\B satisfied, but Vf) = t) at one point 
ofT. Let belong to the interior part of D, and det A < 0 where A = [ gfX (*^°)]- Then 
function h{z), defined by |7^ , has the following form in a neighborhood of the point z = 0 

h{z) = Ui{z) logz + U 2 {z), (26) 

where ufiz) are analytic in a neighborhood of the origin, and mi(0) = iTiu{a^)\ dety4|“^/^. 

Proof. There exist analytic local coordinates a = ( 01 , 02 ) in a neighborhood of <7° in 
which the function has the form = of — a^- Let 


-Di = {cr = (j(o) : |oi| < £, I 02 I < 2e} 


We represent h{z) as a sum of two terms hfiz) + h 2 {z) where ^2 is the integral over D\Di 
which is analytic in a neighborhood of z = 0, and the function hi is the integral over Di 
which has the following form 


hfiz) 



of 


n(o) 

-aj- z 


dcx.2d(y.i, 


Imz > 0, 


(27) 


where the function v is analytic and (1221) holds. Lemma |21 implies that the function ^2 is 
analytic in a neighborhood of z = 0. Hence, it remains to prove the validity of Lemma E] for 
the function (EZD- We represent the function v as the sum vi + V 2 where the function vi is 
even with respect to Oiand V 2 is odd. Obviously, the integral with the function V 2 instead of 
V is equal to zero. Then we represent vi as the sum of an even with respect to 02 function 
and an odd with respect to a 2 function. Similarly, only the even part remains. Thus, (EZD 
can be rewritten in the form 


hfiz) 




w{al,al) 
af — — z 


daida2 



w{al,al) 
ot\ — ot\ — z 


daida2, 


Imz > 0, 


( 28 ) 


where w is analytic and 


From (I2H1) it follows that 


tc(0) = r((T°)| detH| 


hi{z) = 4 



2e 


0 JO 


w(af, af) — w{a 2 + z, af) 

2 9 

— a 2 — z 


daida2 + 4 



2e 


0 JO 


w(af + af) 

2 2 
C^l — C^2 — Z 


dcxidc(2- 
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The first integrand above is analytic in a and z, and therefore the first integral is an analytic 
function in a neighborhood of z = 0. Thus the statement of the Lemma has to be proved 
for the second term g which, after integrating over ai and replacing a 2 by r, takes the form 


17 = 2 


w{t‘^ + - a/t^ + ^|ai=2£ 


a/t^ + 


-log 


+ a/t^ + Z 


dr ^ Imz > 0. 


Iqi=0 


(29) 


If X = -and Im 2 ; > 0, cxi > 0, then Imx < 0. The unique branch of the logx 

ai + A/r^ + z 

in (j29|l is chosen by the condition that vr < arg(logx) < 27r when Imz > 0. Thus when 
Im^ > 0, we have 


9 = 2 


w(r^-f 2 ;,r^) 2e - + z . 

-log- dr — zm ' 


\/r2 + 


' 2e + a/t^ + 


w { t ‘^ -f 2;, r^) 
\/r2 + z 


dr. 


(30) 


1 ‘^s — u 

One can easily check that the function —log- is analytic in u in the circle ImI < 2e 

u 2e + u 

(if the function is dehned as zero at m = 0). Since the integrand in the first term in the 
right-hand side of dSHD is analytic in r and z when |z| < we obtain that the first term in 
the right-hand side of o is analytic in z, \z\ < e^. Hence, it remains to prove the statement 
of the Lemma for the function 

gi {z) = -27ri 


w{t^ + z,t^) 
\/t‘^ + z 


dr, Imz > 0 . 


(31) 


Obviously gi is an analytic function of z when z E = {z : \z\ < ^ R-}, where R- 

is the negative part of the real axis. Let us compare the limit values of gi when z — —t±i0, 
0 < \/i < e. We represent gi in the form gi (z) = fi (z) + /2 (z), where 


fi (z) = -2m 
Then 

and 




w{t'^ + z,t^) 


dr, /2 (x) = -2m 


0 \/t‘^ + z 

/i {-t -f- iO) - /i {-t - iO) = -An 


w{t^ + z,t^) 

^ + Z 

w{t‘^ - t,T‘^) 


dr, 0 < Vt < e. 


y/r 


dr, 




/2 {-t + iO) - /2 {-t - iO) = 0. 
Thus, after the substitution r = \/is, we get 

'•^M;(r2-t,r2) 


gi {-t + fO) - gi {-t + fO) = -An 


y/t — 


-dr = —An 


w (ts^ — t, ts‘^) 




ds. (32) 


We denote the latter function by ipi = (fiit). Obviously, (pi{z) is analytic in 2 ;. Dehne 


^2 {z) = gi {z) - —^i{z)\ogz. 
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(33) 






























Then 


(^2 {-t + * 0 ) - (^2 {-i - * 0 ) = 0 , 

i.e. 932 {z) does not have a branch point at 2 ; = 0. Now in order to prove that <p 2 is analytic 
at z = 0 it is enough to show that |(p 2 ( 2 ;)! < clog— when \z\ is small enough. From it 

Z 

follows that it is enough to get the corresponding logarithmic estimate for gi. We represent 
gi as the sum of two terms gi = gi^i + gi ^2 by writing the function w in the integral m as 
Wi + W 2 where Wi = w(0, —z), W 2 = r^) — tc(0, —z). Since 

1 ^ 2 ! = |w(r^ + 2 ;, r^) — tc(0, —z)\ < C\t^ + z\ for small |r^ + z\, 


the function \gi ^2 
easily evaluated: 


is bounded when \z\ is small enough. The integral dehning gi i can be 


gi^i = -27riw(0, -z)log 


e + + z 


Hence, gi has the logarithmic estimate as \z\ —> 0, and therefore gi (z) is analytic at 2 ; = 0. 
The latter, together with O , proves (OF)|l for gi with Ui{z) = Thus (ITTj) is valid 

for h with 

/•i go 

Ui{0) = 2iw{0) / = 7riw(0) = mr{a^) \ det 

Jo VI-s2 

The proof of the Lemma is completed. 

Proof of the Theorem Let us £x an arbitrary point G [—\ U and 
put k = + X in m- Then the function 2TrG defined by m takes the form m with 

V(cr) = and z = One can easily check that the integral m, which we 

got, satishes all the assumptions of Lemma|21(with T being a closed curve). Thus G{k^ + x, 
is analytic in 2 ; when |^| is small enough, and therefore it is analytic in x in a neighborhood 
of the point x = 0. This proves the hrst statement of Theorem ^ 

The statement of Theorem ^ concerning the point k = ko = 0 is the direct consequence 
of Lemma El since 27rG dehned by m has the form (d with = (filer) and 2 ; = k^, 

and all the assumptions of Lemma El hold in this case (with <7° = 0). In order to prove the 

statement concerning the points k = A;± 2 , we use the periodicity of the integrand in m 
and replace the square T in m by T' = (0, 27r) x (0, 27r) C R^. After that, we again can 

apply Lemma El with rpla) = (filer) — 8, z = k"^ — 8 and cr° = (7r,7r). In order to prove the 

statement of the Theorem concerning the points k = /c±i, we replace the square T in m 
by T" = (-^, ^) X (^, ^) and split T" in two parts by the line ai = a 2 . Lemma IH can be 
applied to each of these two integrals with rJla) = (filer) — 4, — 4 and the point cr° 

equal to (0, tt) in the hrst integral, and equal to (tt, 0) in the second integral. 

The proof of the Theorem is completed. 

Later, when the large time asymptotic behavior of the solutions to the Cauchy problem 
is analyzed, we shall need to know some properties of the coefficients ui^s and U 2 ,s in m- 
To be more exact, we will need the following 


Lemma 5 . Functions ui^ lO,^) and M 2,0 (0,0 have the following properties: 

a) uifl (0,0 = Cl is a constant, 

b) U 2 fi (0,0 = Cl In 10 + C 2 + o (I0~^) as 10 ^ 00 . 
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Proof. Let G and (cr) = 1 if |cr| < 1, (a) = 0 if |cr| > 2. From (fT^ it 

follows that 


r 

27iG{k,^)= ?(a)—-- — 

Jr^ ^ 


da + / (1 - ? (a)) 


^iai 


ip (a) — 


da. 


(34) 


We denote the second term in the right hand side of (ED) by n = v(k,^). Since p (a) = 0 
only at (T = 0, and 1 — <;^ = 0 in a neighborhood of the origin, then v is analytic in k for small 
enough |A:|, and 


V = v(0,O = / (1 




p(a) 


da. 


The integrand above is inhnitely smooth. We apply the integration by parts to that integral, 

integrating and differentiating the factor -Since 1 — <^ is equal to one in a 

p(a) 

neighborhood of the boundary of T and the other factors in the integrand are periodic, the 
contributions from the boundary will be cancelled, and the integration by parts leads to the 
estimate: 

^(O.O = 0(|5r“) as 1^1 ^ oo. 


(36) 


Consider 

Let us study 
27rG — V — w = 


w{k,i) = q{a) 




'R? 


\a\ 




-da. 


<^e 




' R? 


_p{a)-k^ Ur - 


da = 


<^e 


i<7^ 


\a\^ -p{a) 


{p (a) - k"^) {\a\ - k^) 


-da. 

I 

'(36) 

The numerator of the integrand in (ESD is of order 0{\a\ ) as |(t| —> 0. Thus, the integral 
has a limit as A: —0 : 


(27rG — u — tc) (0, .^) = / {a) da, where -0 (a) = <^ 

Jr2 


p{a) |a|^ 


(37) 


Since V0 (a) G L^, its Fourier transform is o|^| ^as |^| —> oo. From here, (HTTfl . and it 
follows that 

(38) 

Consider 


|(27rG'-w)(0,OI =o(|^| ) as 1^1 ^ cx). 

r pioi 


= (1 -?) 




\a\ 


k^ 


da, Imk > 0. 


Then wi is analytic in k for \k\ < e and 

wi (0,0 = O (|^r“) as 10 

Thus, 


(2irG - {w + Wi)) I (0,J) = 0(151 ') as |5| ^ oo. 


(39) 

(40) 
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Note that {w + wi)/2tt is the inverse Fourier transform of the function —2 -i-®- 

I (j I hP' 

w + Wi = Coifo 1^1) , 

where cq is a constant, and Hq is the Hankel function. Hence, 

w + wi = 27r[cilog {k 1^1) + C 2 ] + a {k |^|), (41) 

where the function a is continuous and Q!(0) = 0. From here and (^0]) it follows that G—cilog/c 
has a limit as fc ^ 0 and 

lim (G - cilogfc) = cilog |,^| + C 2 + o(|,^|“^) as ^ cx). (42) 

fc—>0 

On the other hand, from (USD it follows that the limit lim^^olG* ~ (0) exists and is 

equal to U 2 (0, ^). It can only happen if ui (0, ^) = Ci and U 2 (0, ^) is given by 
The proof is completed. 

III. Analytic properties of the resolvent of the Schrodinger operator. Let 

R\ = {H — be the resolvent of the perturbed operator H = (—A + g), where the 
support of q belongs to a square 


5 = |e,| <m}. (43) 

We are going to study the kernel rj) of the operator Rk-2 (this kernel is Green’s function 

for H — k'^) when both ^,r] G S, and therefore we shall consider the truncated resolvent 
Rk^ = xRk'^Xj where y is the characteristic function of S. 

Since the operator H with a potential q, whose support is bounded, may have at most 
a hnite number of eigenvalues, the resolvent Rx (and therefore, the operator Rx) is mero- 
morphic in A in the complex A-plane with the cut along the segment [0,8], and it has at 
most a finite number of poles which are eigenvalues of H. The following Proposition is an 
immediate consequence of the statement above. 

Proposition 6 . The operators Rk^ and Rk^ are meromorphic in k E C\ [—\/8, \/8] . 
Outside of the segment [—a/S, a/^ they have poles of the first order at the points k = Piiuj for 
which Xj = —are negative eigenvalues of H and at points k = ±pj for which Xj = > 8 

are positive eigenvalues of H. 

The following statement was proved in ini: 

Proposition 7 . The operator H does not have eigenvalues on the set (0,4) U (4,8). 

It means that H may have at most three eigenvalues imbedded into the continuous 
spectrum, and those possible eigenvalues are A = 0,4, 8. 

We consider the upper half plane C+ = {k :Imfc > 0} as the image of the set {A : 
0 <argA < 27 r} under the map k = a/A . Thus, the resolvent set of the operator H in the 
fc-plane is C+\ [—-\/8, \/8], where the points k = ±ct with the same a > -^/S correspond to 
the same value of A. The next statement concerns an analytic extension of the operator R^^ 
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from the upper half plane C+ through the segment [—\/8, \/8] . We denote by j = 0,1, 2, 
the orthogonal projections (in onto the eigenspaces of the operator H with the 

eigenvalues A = 0,4, 8, respectively. If some of those values of A are not eigenvalues then 
the corresponding operators set to be zero. Let Pj = xPjX- Let Pfc 2 (modP) be the operator 
function Rf ^2 by modulus of polynomial in k operator functions. 

Theorem SI). The operator Pfc 2 , defined for k G C+\ [—\/8, , admits an analytic 

extension on [—-\/8, a/^ \ VJks, where ko = 0, k±i = ±2, and k ±2 = ±a/8. 

2) . It has branch points of the logarithmic type at k = kg, and there are integers ag and 
fig and operators Ag 0 and Bg ( in the finite dimensional space L of functions supported on 
S) such that the truncated resolvent Pfc 2 has the following behavior when k ^ kg, k kg — ia, 

CT > 0 : 

RkfimodP) = P\g\-^^-^ + Ag{k - kg)°‘Uofi^‘’{k - kg) + Bg{k - kg)"^" lofi^'’~^ {k - kg) 
+0 {{k - kg^ lo(f^-^ {k - kg)) , (44) 

3) . The kernels Rk^^fyT]) of the operators Rk ‘2 with k = ±a + ig, where a is real, > 0, 
are complex adjoint (and therefore, ag = a|s|, fig = fi\s\)- 

The following inegualities hold: a) Oq > ~2, and fio < —1 when Oq = ~2; b) Let 
s = ±1, ±2. Then ag > —1, and fig < —1 when ag = —1. 

4) - //?(0 > 0 o,nd q is not equal to zero identically, then Pfc 2 is bounded in a neighborhood 
o/fc = 0. In particular, in this case A = 0 is not an eigenvalue of H and oq > 0. 

Remark. The reason to consider Pfc 2 (modP) in (11^ . but not Pfc 2 , is the following: 
the large time asymptotic behavior of the solutions v = v(t,x) to the Cauchy problem ([T]l 
depends on the hrst singular in k — kg term in the asymptotic expansion for Pfc 2 — 

as /c —>■ kg. In fact, (P|) will be proven for Pfc 2 , but it will be clear from the proof that one 
can omit integer nonnegative powers of k — kg and get (IH|) for Pfc 2 (modP). 

Proof. Let 

(—A — k"^ + q) u = f, Imk > 0, (45) 

where supports of q and / belong to S. The formula 

u = R^h, Imk > 0, (46) 

establishes a one-to-one correspondence between solutions u = Rk^f G L^{Z^) of and 
functions h which are supported on S and satisfy the equation 

h + qRl^h = f, lmfc>0. (47) 

In fact, if M G LF‘{Z’^) is a solution of (HKjl . then (—A — fc^) u = h with h = f — qu. Hence, 
u = R^ 2 h and the support of h belongs to S. The substitution of (HH]) into (HH|) leads to the 
equation (071) for h. On the other hand, if h is supported on S and 071 holds, then u, given 
by (gni), belongs to L‘^{Z‘^) and satisfies (flK]) . The latter can be checked by substituting (HHl) 
into (03). 
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The equation dni) has the form Tkh = /, where the operator Tk acts in the hnite dimen¬ 
sional space L of functions supported on S. It also can be written in the form of a linear 
system: 

h{i) + ^q{i)G{k,i-7])h{r]) = f{i), i e S, Im/c> 0, (48) 

n&s 

where G is Green’s function of the operator —A — (the kernel of -^^2)- If one chooses 
the basis in L, which consists of functions equal to one at one point of S and equal to zero 
everywhere else, then the matrix [T^] of the operator Tk in this basis is: 


[Tk] = [Tk{i,v)]i,,^s = E+[q{OG{Ki-r^)i 

where E is the identity matrix. Note also that ii implies that 

Rk2 = Imk > 0. (49) 

From the hrst statement of Theorem^ it follows that the matrix [Tk] can be analytically 
extended on [—-\/8, \Ufcs. The equation is uniquely solvable if A; 7^ iaj, and therefore 

the same is true for the equation (HZD. Thus, det[Tfc] 7^ 0 when Imk > 0, k ^ iaj. Hence, the 
operator is meromorphic on [— \/8, a/S] \Li kg. From here, (1491) . and the first statement 

of Theorem^ it follows that Rk^ has a meromorphic extension on [—a/S, \/^ \ U kg- On the 
other hand, it was proved in (PI) that hmfc^fco_|_jo Rk^ exists for any G [—a/8, a/S] \ U /c^- 
This justihes the hrst statement of Theorem |H1 

The second statement of Theorem |H1 can be proven absolutely similarly. The only dif¬ 
ference is that the analytic extension of [Tk] has branch points of the logarithmic type at 
k = kg, s = 0, ±1, ±2. To be more exact, the elements of [Tk] in neighborhoods of the points 
k = kg are linear functions of log(fc — kg) with coefficients analytic in k (see fjl8|l i. Let N be 
the number of points in S. By solving the system \Tk\h = f using the Kramer rule we get 
that TfT^ in a neighborhood of the point k = kg has the form 


.-1 _ H//c,log(fc-fc/) _ n +1 -1.9 
^ Bg{k,\og{k - kg))^ ’ ’ 


(50) 


where the functions Bg = det[Tfc] are polynomials of order N with respect to the second 
argument (i.e., log(A: — kg)) whose coefficients are analytic in k, and Ag are polynomials in 
log(fc — kg) of order N — 1, whose coefficients are linear operators on L (matrices) which 
depend analytically in k. From here, and Theorem^ it follows that the formula (I5()|l is 
valid for Rk^ with the only difference that the order of the polynomials in the numerator is 


N : 


_ Cg{k, log(fc - kg)) 
Dg{k,\og{k - kg))' 


where the functions Dg are polynomials in log(fc — kg) with analytic in k coefficients, and Gg 
are polynomials in log(A: — kg) whose coefficients are analytic in k operators. Then a similar 
representation is valid for the difference of Rk^ and : 


S B 1 Gg Fg{k,\og{k-kg)) 

Dg kl-k^ Gg{k,\og{k-kg)y 


(52) 
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where Fg = {k'^ — k‘^) Cg — DsP\s\, Gg = {kl — k"^) Dg. The formula (IH|l immediately follows 
from here. The second statement of Theorem |H1 is proved. 

The hrst part of the third statement of the Theorem is an obvious consequence of the 
fact that 

Rj = R\ if A^[0, cxo). (53) 

Now we are going to prove the second part. Let dE^^, a is real, be the operator valued spectral 
measure for the operator H. Let fiacida) be the absolutely continuous part of the measure 
dE„, and let the operator valued function z/ = z/(ct) be the density of the measure fiac{da). 
The matrix elements ^ of fh® operator u are the densities of the absolutely 

continuous parts of the scalar measures {dEa-6^,Sr,), where 6^ is the function on equal 
to one at a hxed point ^ and equal zero elsewhere. We also shall consider the restriction 
T = xz^(a)x of the operators u = z/((t) onto the space L of functions -0 supported on S. 
From Stone’s formula and the hrst part of Theorem |H1 it follows that the density z^(cr) in a 
neighborhood of a = A^, can be obtained as 

TT A—^(j+iO Ag — A 

Obviously, the operator function u is summable in a: 

u E L^. (55) 

The formula (El implies a more exact asymptotic expansion of Rk^ than the expansion 
(jUj). Namely, 


Rk2 — P\ 


Id 


- k^ 


- kgr‘+^ 

j>0 


fj^g{\og{k - kg)) 
Nj^g{\og{k -kg))' 


k kg, 


(56) 


where Nj^g are polynomials, Tj^g are operator valued polynomials, and To,s is a non-zero 
operator function. Consider hrst the case s = 1 or 2. Then (El implies that the following 
expansion is valid when A is close to A^ and ImA > 0 : 


R^-R 


Id 


A.,-A 


^(A - A.)“-« 

i>o 


f,,,(log(A - A.)) 
iV,-,(log(A-A,))’ 


(57) 


where the polynomials Tj^g, Nj^g are diherent from those in (El, and still To,s ^ 0. Together 
with El this leads to the following representation 

z7(a) = lim lm{{X-Xg)°“log'^‘’{X-Xg)f(log~^{X-Xg))+0{{X-Xg)°“^Hog'^‘’{X-Xg))}, (58) 

A^cr+iO 

where the operator fnnction / is analytic, /(O) ^ 0, and y* is an integer. 

Assnme that ag < —2, j3g ^ 0. From (IHl with a > Xg and El we obtain that the 
operators f(a) with real a > Xg are real valned (i.e. they map any real valned fnnction into 
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a real valued function). In particular, the operators are real valued for all j > 0. 

Then with a < Xg implies that 

z/(cr) = (cr - As)""Im[log^“(|(T - As| + i7r)/(0) + log^^'^dcr - A^l + i 7 r)/'( 0 ) 

+0{\og^‘~^{\a - A,|)] 

= 7r(cr - As)"'’[/?s/(0)log^'’“V --'^sl)]) a < Xg. (59) 

This contradicts (ESD, and therefore the assumption is wrong. Let us assume that Ug < —2, 
Ps = 0. Let n be the smallest j > 0 for which 7 ^ 0. The formula ()58|1 leads to the 

following analog of (Ei: 

T(a) = 7r(a - A^)"* [-^/^"^(0)log“”“ V “ -^^1 + 0(log“’"“^(|cr - A^)], a < Xg, 

which also contradicts Thus ttg < —2 requires = 0, / is a real valued operator which 
does not depend on A. Now the same arguments can be applied successively to the next 
terms in m for which ag + j < —1. When + j = — 1, we can only get that 

—^ = M + 0 (log ^(A —As)), as+i = — 1 , (60) 

where M is a real valued operator. So, we obtain that m has the form 

(A-As)““+W„s + 0 ((A-As)-Mog-'(A-As)) (61) 

^ -as>j>0 

where M^ s are real valued and independent of A operators on L. If ag = —1, then the 
arguments above still lead to dSHD when j = 0. Thus dSH) is valid when ag < — 1 . 

Our next goal is to show that (ED with cts < implies that Mq^s are zero operators. 
Let 5 > 0 be so small that the interval to = [As, As + 5] does not contain the eigenvalues of 
H different from As. Let ujg = [As + ie:. As + 5 + is] be the shift of ui. Stone’s formula implies 
that 

[ u{a)da = — lim Im [ [7?^ —-PpiT - 7 ]d-X. (62) 

Ju TT £^+0 As - a 

Assume that Mo,s 7 ^ 0. Then the existence of the limit in the right hand side above contradicts 
(E|) if Os < —1 is odd. It also contradicts (ED if tts < — 1 is even and Mi^g 7 ^ 0. One can easily 
show that ag does not depend on the choice of the square S' if S' contains the support of q 
(this follows from (j49|l and (j48|l ). Hence, one can take a bigger S', so that there is a function p 
for which Mq^sV’ is not identically equal to zero on a smaller cube S" = : |.^j| < m — 1} C S' 

(see (USD)- We apply the operator 


- A =-A + g(0 - A, - (A - A,) 

to both sides of (ED- The following relations hold in S' for any function p dehned on : 
{H-X)RxP = P, {H-X)Pigiy^ = -PigiP, ImA>0. 
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The right hand sides here are independent of A. Thns, the negative powers of A — A* will be 
cancelled when H — X is applied to the right hand side of dnu- This leads to the following 
relation in S': 

{H - Xs)Mi^si> = if cts < -2. 

Hence, the assnmption Mo,s 7 ^ 0 implies that Mi^s 7 ^ 0, and this leads to the contradiction 
discnssed above. This proves that a* > —1. 

If tts = —1, then (ED) implies that the limit in the right hand side of (El exists and 
converges to when h = |a;| —>• 0. The left hand side in (IH^ converges to zero as 5 —>• 0. 

Thns, Mq^s = 0 and (IHTll takes the form 

= 0((A-A,)-Mog-'(A-A,)), s = l,2. 

This proves the second part of statement 3 of Theorem |H1 in the case s = 1, 2. If s = —1 or 
—2, the resnit follows from (El- The statement for s = 0 can be jnstified similarly to the 
case s = 1, 2. We leave it for the reader. This completes the proof of statement 3. 

Next we shall show that Rk^ is bonnded in a neighborhood of A; = 0 when q > 0. From 
El it follows that 

Rk 2 = Ak'^log^k + BkAog^~^k + 0{kAog'^~^k) as /c —0. (63) 

where H is a non zero operator dehned on the space L of fnnctions with snpports in S. One 
conld get El from El with a = Oq, (5 = (3q (when Pq = 0), or a = —2, /3 = 0 (if Pq 7 ^ 0). 
It is also possible to get El from El- The last statement of the Theorem will be proved 
if we show that the hrst term in the right hand side of ()6djl is bonnded as /c —0. 

Snppose, to the contrary, that a < 0 or a = 0, /? > 0. Let / be a fnnction snpported on 
S', snch Af is a non-zero fnnction. We have 


(-A - k‘^) Rk2f = f - gPfc2/, Imk > 0. (64) 

Since q and / are snpported on S, one can replace Pfc 2 in the right hand side above by Pfc 2 . 
Thns, 

Rk^f = Rl^if - qRk^f), lmk>0. 

From here, (El- and Lemma El it follows that, for any ^ G Z‘^, ImA; > 0 and A: — 0, the 
fnnction {Rk^f){^) has the form 


Rk-if = [ci\ogk + U 2 (S^,i)+0{k\ogk)\*{f — q[AfkAog^k +BfkAog^ ^A:-|-O (A;"/o 5 f^ 

(65) 


where the convolntion of two fnnctions h on is dehned as 


V 


Hence, the main term in the asymptotic expansion of Rk^f as A: 0 is 


-Cl A;“log^+^A: '^{qAf){r]). 

V 


( 66 ) 
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On the other hand, (-Rfc2/)(0 = {Rk^f){0 when ^ G S', and this value has a smaller order 
due to (jnSl)- Thus (IM|) is zero. Since ci 7 ^ 0, we arrive at 


= 0. 

V 

Now from (jnni) we get 

Rk^f = f + 0(fc“log^“^fc), Imk >0, A; —>• 0, 


where 

«K) = -“ 2 ( 0 .0 * qAf - Cl * qBf 

Together with Lemma 0 this leads to the following asymptotics for c(^) : 

kK) = -cihi|5| *?yl/ + C 2 + o(|{|“‘), Ifl ^ oo. 


(67) 


( 68 ) 


(69) 


We will need more specihc behavior of v at inhnity. First of all note that (iniD implies 


that 


In 1^1 * qAf = ^(In \^ - r]\ - In \^\)qAf{r]) = 0(|^| ^), |^| ^ cx). 


and therefore. 


\v{^)\ < C < oo. 


Let us denote by e G the difference derivative in the direction of e : 


Let us show that 


Ohio 

de 

dv{0 


= h{^ + e) - h(0. 


de 


= o(ifr‘), ifi^oo. 


(70) 

(71) 

(72) 


Formula (EH) implies that 

^ = ^(ln|^ + e-r/|-In|^-r/|)gy4/(r7) 


de 


^(In 1^ + e - r/| - In 1^ - r/| - In 1^ + e| + In \^\)qAf{r]) = 0(|^| ^). 


The last equality can be easily obtained by evaluating the asymptotics for the combination 
of the logarithms above. The formula above and (jbbj) justify (izg). 

Now we multiply both sides of (El by k °log ^k and pass to the limit as /c —0. This 
leads to 

(-A + g)u = 0. (73) 

We apply the Green’s Theorem for the difference Schrodinger operator to v over the 
square —N < < N. Estimates dZOD, (El allow us to pass to the limit as N —>■ oo. This 

leads to the following result: 


0=5^ {-A + q)v -v = + 


(74) 
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where ei = (1,0), 62 = (0,!)[(+,)] and ^ is defined in dZH). Since g > 0, 

dZH) implies that n is a constant. Now from dZSD (or dZl) it follows that n = 0 , since g is a 
non-zero function. This conclusion contradicts (j 68 |) and In fact, the later two relations 
imply that n(.^) = Af when ^ E S. Yet, / was chosen so that Af is a non-zero function on 
S. The contradiction proves that our assumption of unboundedness of the first term in the 
right hand side of (El is wrong. This completes the proof of the last statement of Theorem 

El 

IV. The large time behavior of solutions to the Cauchy problem. The solution 
V = v(t,^) to the Cauchy problem is given by ( 0 . We assume that / and g are real 
valued and have bounded supports, and we will study the asymptotic behavior of v when 
f —>• cx) and ^ E S, where S' is a square in which contains the supports of g and /. In 
order to keep in mind this restriction on ^ we multiply both sides of (ED by the characteristic 
function y of S. Since the support of / belongs to S, we can replace / in o by y/, and we 
arrive to 

-1 

XV (t, 0 = 7r Rk^fe-^^^dk, B> A. (75) 

JB-ioo 

Let us denote by P(j), 1 < j < ni, the projection operators in L^(Z^) onto the eigenspaces 
of the operator H with the negative eigenvalues A = —cr|. Let Pj, 1 < j < n 2 , be the 
projection operators onto the eigenspaces of the operator H with the positive eigenvalues 
A = p|. We consider here all positive eigenvalues, including those which belong to the 
continuous spectrum (see the Proposition 0 . Let Pq be the projection operator onto the 
eigenspace with the eigenvalue A = 0, and let Pq = 0 if A = 0 is not an eigenvalue. Let 
hi) = xP{j)X. Pj = xPjX, h = xPoX- 

Theorem 9 . The solution v of the problem m has the following asymptotie behavior as 
t —>■ 00 : 

j ^ j 

P 0 ‘st~'^‘‘~^ {logt)^°~^° sm.{kst + uJs)A^f + w {t,f), 

0 <s <2 

where Og 7 ^ 0 , ujg are some constants, ag, (dg, A^ are defined in CT , = 0 if ag = - 1 , 
'^g = 1 if ttg > 0, ko = 0, fci = 2, k 2 = a/s, and ■^w{t,f) decay as t ^ 00 by the factor 
log~^t faster than the slowest term in the last sum in the right hand side above. 

Proof. We plan to move the contour of integration in ESD down and replace it by the 
following contour T. Let Cg be the following rays in the complex fc-plane C : 

Cg = {k = kg — ia, a > 0 }, s = 0 , ± 1 , ± 2 , 

and let C' = C\UCs be the complex fc-plane C with the cuts along Cg. Let Tq be the line 
Imfc = —6, 5 > 0, without points kg — id, where the line intersects Cg. Let 7 ^ be smooth loops 
joining the points kg — id — Q (on the left side of Cg) and kg — id + 0 (on the right side of Cg) 
going round the cuts Cg and lying in the ^neighborhood of the points kg. Then T = ToUys is 
the union of Tq and all %, and we need only to chose d in order to specify T. 
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From Proposition El it follows that there is a (5i > 0 such that the operator Rj ^2 dehned on 
C\[-\/8, \/8] does not have poles in the strip —(5i <lrak < 0. Below we shall always consider 
in C', i.e. we start with in the upper half plane C+ and then extend it analytically 
down. Due to Proposition El this extension exists in the region |Re/c| > a/8 (which does 
not contain cuts Cs). According to Theorem |H1 there exists ^2 > 0 such that Rk^ has an 
analytic (without poles) extension onto the 52-neighborhood in C' of the segment [a/8, \/8] 
with branch points at k = kg. In fact, one can show that Rk^ can be meromorphically 
extended onto the whole C', but we don’t need this statement. We choose an arbitrary 
S < min(5i,52)- Then Rk 2 is meromorphic strictly inside the region D C C' between the 
contour of integration in (USD and r,and R^^ has there poles only at points k = zcXj, cXj > 0, 
and k = ±pj for which A = /c^ are eigenvalues of H, which do not belong to the absolutely 
continuous spectrum of H. 

Note that 

\\Rk^\\< \\Rk^\\<i/d, keC\[V8,V8], 

where d is the distance in the complex A-plane between the point X = k^ and the spectrum 
of the operator H. Thus, 

\\RkA\<C/\k\^, keQ, |fc|^cx). (76) 

Since ||7?fc2|| < ||i?fc 2 ||, the estimate d7F)|l is valid also for llRfc/l- This allows us to use the 
Cauchy theorem and reduce the integral (USD to the following form: 

XV {t, ^) = V Res (.Rfc 2 /e"**’*) - Res {Rk2fe~"'^^) + ^ [ Rk^fe~^’^*dk, (77) 

k=iaj ^-^k=±pj ZTI Jy 

j j 

where the sum does not include points ±pj E [—\/8, \/8]. 

Let us estimate the last term in dZZD. We split ro = riUr 2 , where Pi is the bounded 
part of Pq for which |Re/c| < -\/8 -|- 1 and r 2 is the part of Pq where \Rek\ > a/8 -|- 1. We 
denote 

Vs{t,0 = ^f s = l,2, (78) 

Jfs 

Since ||Rfc 2 || is bounded and on Pi, 

\§-pVt,()\<Xj \k‘R^,fe-<'”\dk<Cie-^‘, j 

A similar estimate for U 2 with j = 0 immediately follows from dZSD 
the derivatives we differentiate the equation 

{-A + q + k'^) u = f, kET 2 , u = Rk 2 f, 

with respect to k\ 

(—A -|- g -|- Uk = —2ku. 

From here and dZSD it follows that ||^Rfc 2 || < C/\k\^, k E P 2 . If we differentiate the 
equation again we can estimate the second derivative of the resolvent, and so on. Thus, 

II—R,2|| kET2. (79) 


= 0 , 1 ,... . 

. To get the estimate for 
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We apply the integration by parts j times to the integral dZHD with s = 2 : 


Ql 


-1 


-,—ikt 


l<l<j ^ ^ 


k=y/8+l — iS 


+ 


fc=—VS—1—i<5 2,71 


Qi ^ p 

(Rk^f) 


—ikt 


'r2 


dk^ 


it)- 


-dk. 


This formula and dZHD allow one to estimate the derivatives of U 2 : 

Qj 

\T^W2{t,i)\<Cje-^\ j = 0,1,... . 


Now dZZD takes the form 

Res(^fe2/e"**'*)-iy'Res (^fc2/e"*''*) + y'7^ [ Rk2fe~'‘^^dk + u, ( 80 ) 

^—' k=i<Tj ^ — 'k=±pj ^—' ZTI 

j j s 


where u = ui + M 2 , and therefore 

dt 

Since the operator R\ in a neighborhood of the eigenvalue X = pj > 8 has the form 

R\ = Rj~2 -i" R 

>2-A 

where Pj is the projection operator onto the corresponding eigenspace and Q\ is analytic in 
a neighborhood of pj, we obtain 

Res(Rfc 2 /e“*^*) + Res (Rfc 2 /e“*^*) = where Pj = xPjX- 

k=pj k=-pj pj 

Similarly, 

Res(Rfc2/e-*y = ^P(,)/. 

k=i(Tj Z(Jj 

Since the integral of any analytic (in particular, polynomial) function over is zero, we 
can replace Pk^ in the last term in dHOl) by the right hand side in (I44j) . After that the 
corresponding integrals involving the hrst term from the right hand side of ()44|1 can be 
evaluated with the help of the residue theorem. Together with the two formulas above this 
allows us to rewrite PH) in the form 


TT’l (T't TI'2 . , -| rt 

= + + + (81) 
j=i j=i Pi s 

where 

Qs{k) = Pfc2(modP) - 

is dehned in (m, and the hrst three terms in the right hand side of (IHII) contain the projec¬ 
tions on all eigenspaces of P, including those for which Xj G [0, 8]. In order to complete the 
proof of the theorem, it remains only to evaluate the last term in m using Theorem IHl and 
the following simple statement which can be found in ^3], Ch X, Lemmas 7, 8: 
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Lemma 10 Let 

v{t) = 

where the funetion u is analytie when \k\ < 2S with a braneh point of the logarithmie type 
at k = and I is a smooth contour in the 5—neighborhood of k = 0 starting at k = —id — 0, 
ending at k = —id + 0 and not having common points with the negative imaginary semiaxis 
except the end points k = —id ± 0. Let u{k) have the following asymptotic behavior as /c —0, 
^ <argk < — f : 

u;{k) = kPlog'^k + ckPlog’^-^k + 0{knog'^-^k) 


where p and q are integers and q ^ 0 if p > 0. 
Then 


V (t) = at ^ ^log'^ "‘t + w (t ), 


where 7 = 0i/p<0, 7 = li/p>0, a = a(p, q) is a constant and 


d^ 

dP 


w{t) 


< C, 


d^ 

dP 


f-P-pog^-'^-H] , 


t ^ cx), j = 0,l,2... 
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